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Symmetron Inflation
Ruifeng Dong, William H. Kinney and Dejan Stojkovic
Department of Physics, University at Buffalo, SUNY, Buffalo, NY 14260-1500
We define a new inflationary scenario in which inflation starts naturally after the Big Bang when
the energy density drops below some critical value. As a model, we use recently proposed symmetron
field whose effective potential depends on the energy density of the environment. At high densities,
right after the Big Bang, the potential for the symmetron is trivial, and the field sits in equilibrium at
the bottom of the potential. When the density drops below some critical value, the potential changes
its shape into a symmetry breaking potential, and the field starts rolling down. This scenario does
not require any special initial conditions for inflation to start. We also construct a concrete model
with two fields, i.e. with symmetron as an inflaton and an additional scalar field which describes
the matter content in the early universe. For the simplest coupling, the amplitude and shape of the
power spectrum are the same as in the single field slow-roll inflation.
PACS numbers:
I. INTRODUCTION
One of the long standing problems for the inflationary
paradigm is the problem of suitable initial conditions re-
quired for inflation to start. The “Extended Copernican
Principle”, which is an underlying principle in modern
physics, implies that we should avoid any fine tuning in
our theories, either in choosing the values of parameters
in our Lagrangian or values of initial conditions. From
the statistical point of view, the most likely state in a
collection of all possible states is the state of maximal
entropy. However, the state of maximal entropy usually
describes an equilibrium of the system, in which we have
ever changing microscopical states, but macroscopically
nothing really changes. It is very difficult to imagine any
interesting macroscopic dynamics in such a state. To get
something going on, we have to take the system far from
the equilibrium and let it evolve back to the equilibrium.
However, this implies very non-generic initial conditions
(corresponding to a state far from the equilibrium) which
is at odds with the “Extended Copernican Principle”. In
the context of inflation, this problem is acute. In order to
start inflation, one has to take the inflaton field far from
its minimum and let it roll down the potential. Several
approaches have been developed to deal with this funda-
mental problem [1–3]; however, it is always useful to look
for alternative solutions.
There are two main elements to the initial condition
problem for inflation: First, how do we achieve the cos-
mological homogeneity necessary for inflation to begin
[4]? Second, how do we arrange for the field to be suffi-
ciently displaced from its vacuum state? We focus here
on the second question. The aim of this paper is to for-
mulate a model in which inflation starts naturally, with-
out the fine tuning in initial field value. To achieve this,
we will study a class of symmetron models, which is just
a variant of modified gravity models (scalar-tensor grav-
ity). The scalar symmetron field [5] has an interesting
feature of a density dependent potential. Generically,
one can write an effective potential for such a scalar field
as
Veff =
1
2
( ρ
M2
− µ2
)
φ2 +
1
4
λφ4 + const, (1)
where µ andM are two mass scales and λ is a dimension-
less coupling. In the low density environment where ρ <
µ2M2 the mass squared term is negative, and the scalar
acquires a vacuum expectation value (VEV) φ0 =
µ√
λ
.
In the high density environment where ρ > µ2M2, the
effective potential no longer breaks the symmetry, and
the VEV of the scalar field is zero. These models have
wide range of applications in late time cosmology, in the
context of dark energy and dark matter problem [6–10].
We will employ here this interesting mechanism in early
universe, in order to formulate the symmetron inflation
model.
II. MODEL
We will adopt here the following inflationary scenario
in which the symmetron field φ plays the role of inflation.
After the Big Bang, the energy densities are very high,
i.e. ρ ≫ µ2M2, the potential has a simple U shape, and
the scalar field is sitting at the bottom of the potential.
As the universe expands, the density drops, and when
it reaches the critical value of ρc = µ
2M2 the potential
changes its shape into a characteristic symmetry break-
ing potential. At that point the field starts rolling down
the potential and inflation starts, as shown in Fig. (1).
If the reheating temperature at the bottom of the po-
tential is low enough, the condition ρ ≪ µ2M2 is never
violated. This scenario would not require any unnatural
displacement of the inflaton field from its equilibrium.
We will now estimate the values of parameters which
would make this scenario plausible. In order to achieve
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FIG. 1: This figure shows the evolution of the potential in
Eq. (1) after the hot Big Bang. Right after the Big Bang, in
the high density environment where ρ≫ µ2M2, the potential
has a trivial shape and the field φ sits at the bottom. At the
critical value of the density ρ = ρc = µ
2M2, the potential
changes its shape and the field φ starts rolling down (the
second order phase transition). When the density drops to
ρ ≪ µ2M2, the potential becomes the standard double well
potential.
slow-roll inflation, we need µ << Hinf . On the other
hand, at the critical point of transition we have 13µ
2M2 =
H2M2pl, which requires M > Mpl. Here and throughout
the paper, Mpl stands for the reduced Planck mass. This
in turn implies that the the field φ couples to the matter
density ρ very weakly. However, only a mild hierarchy
M ∼ 10Mpl would be enough to achieve slow roll.
Another requirement we have is Vinf > µ
4/λ, since the
field φ reaches the value φ0 =
µ√
λ
only at the end of
inflation. Therefore
Vinf > µ
4/λ ∼ H4M4pl/(M4λ). (2)
Since we want Vinf ∼ H2M2pl, this condition becomes
Vinf ∼ H2M2pl < M4λ. (3)
Thus the usual requirement λ ≪ 1 can be easily accom-
modated.
While a simple effective potential (1) gives the desir-
able phenomenology, it is also possible to formulate a
microscopic theory behind it [5]. We can start from an
action
S =
∫
d4x
√−g
(
1
2
M2plR−
1
2
gµν∂µφ∂νφ− V (φ)
)
+
∫
d4x
√
−g˜Lm (χ, g˜) , (4)
with metric signature (-,+,+,+). Lm is the Lagrangian
for the matter field χ, which couples to the metric g˜µν
related to the original gµν by
g˜µν = A
2(φ)gµν . (5)
The metrics gµν and g˜µν describe the Einstein and Jordan
frames respectively. Later on in the paper, we will work
in the Einstein frame, which is supposed to be FRW.
To show the complexity of the coupling between gravity
and the two scalar fields, the form of the action in the
Jordan frame is given in the Appendix. Note that Lm
implicitly depends on the field φ through the metric g˜µν .
The equation of motion for the field φ is thus
φ = V,φ −A3A,φT˜ , (6)
where T˜ is the trace of the matter stress-
energy tensor in the Jordan frame, with T˜µν =
−(2/√−g˜)δ (√−g˜Lm) /δg˜µν , but the box operator is
calculated with the metrics gµν . In the rest frame of
the fluid, the trace of the matter stress-energy tensor
depends on the equation of state as T = (1 − 3w)ρ,
where ρ = A3ρ˜ is independent of φ. This ρ is conserved
in Einstein frame and has the usual properties, e.g.,
redshifts with the scale factor a as ρ ∼ 1/a3,4 in a matter
and radiation dominated universe respectively.
In Einstein frame, for a pressureless source w = 0, the
equation of motion is
φ = V,φ +A,φρ. (7)
Thus, the effective potential is
Veff = V (φ) + ρA(φ). (8)
Then the concrete form of (1) can be obtained with a
choice
V (φ) = ρvacuum − 1
2
µ2φ2 +
1
4
λφ4, (9)
A(φ) = 1 +
1
2M2
φ2,
where ρvacuum =
1
4µ
4/λ is the vacuum energy density.
Since in the simplest form of the action the field φ does
not couple to radiation (the trace T = (1−3w)ρ vanishes
for radiation), we need to modify the matter part of the
action. To arrange for coupling to radiation, one could
for example add an extra factor in front of the Jordan
frame Lagrangian
Sm =
∫
d4x
√
−g˜B(φ)Lm (χ, g˜) . (10)
An implicit φ-dependence of the Lagrangian would give
the standard coupling to the trace of the stress energy
tensor T , but the new ingredient now is the B(φ) prefac-
tor. This factor corresponds to a “pressure” coupling. Its
contribution to the equation of motion for φ is propor-
tional to Lm, which is the pressure. For non-relativistic
3dust with zero pressure it will not give any additional
contribution. One of the concrete realizations consistent
with all of the assumed symmetries is
B = 1 + φ2/M2. (11)
It is thus possible to achieve the standard slow-roll infla-
tionary scenario that starts in a hot radiation-dominated
phase, and then follows the usual inflationary evolution.
III. MODELING THE BACKGROUND FOR
THE ONSET OF INFLATION
An alternative way to assure the outlined inflationary
scenario is to start inflation in a matter dominated epoch.
This is not difficult to envision since the energy density
of the universe right after the Big Bang could have been
dominated by degrees of freedom which are effectively
pressureless. Inflation itself will effectively dilute these
degrees of freedom and erase any pre-inflationary history
of the universe. If the reheating temperature is not high
enough to restore the original degrees of freedom, the
standard radiation dominated era can be provided after
inflation ends at the reheating.
Starting inflation in a matter dominated era will assure
coupling between the φ and local energy density even in
the original action in Eq. (4). We can effectively model
the matter dominated epoch with the auxiliary scalar
filed χ. As a toy model, we consider a massive scalar
field χ, with Lagrangian
Lm = −1
2
g˜µν∂µχ∂νχ− 1
2
m2χ2, (12)
which enters the action in Eq. (4). Coupling between the
fields φ and χ is provided through the metric g˜µν given
by Eq. (5). If the field χ is homogeneous, we can ignore
field gradients, and the stress-energy for the field will be
of the form of a perfect fluid, with
ρχ =
1
2
χ˙2 +
1
2
m2χ2,
pχ =
1
2
χ˙2 − 1
2
m2χ2. (13)
During the matter dominated epoch preceding inflation,
the field φ remains fixed at the origin φ = 0, so that the
conformal factor A relating gµν and g˜µν (9) is unity, so χ
evolves as a scalar field in a FRW background. Assuming
a flat universe with energy density dominated by the field
χ, we can write the Friedmann Equation as
(
a˙
a
)2
=
1
3M2pl
ρχ =
1
3M2pl
[
1
2
χ˙2 +
1
2
m2χ2
]
, (14)
The equation of motion for the field is then
χ¨+ 3
(
a˙
a
)
χ˙+m2χ = 0. (15)
If m2χ ≫ 3Hχ˙ the system will be underdamped. Since
the pressure is zero, we have 1/2m2χ2 = 1/2χ˙2, so
χ˙ = mχ. Then we see that for H ≪ m the system is
underdamped
χ¨+m2χ ≃ 0, (16)
with solution
χ = χ0e
±imt. (17)
It is simple to see that this represents a matter-dominated
system, since the average energy density and pressure are
then
〈ρχ〉 =
〈
1
2
χ˙2 +
1
2
m2χ2
〉
= m2χ20,
〈pχ〉 =
〈
1
2
χ˙2 − 1
2
m2χ2
〉
= 0. (18)
The expansion rate is then
(
a˙
a
)2
=
1
3M2pl
〈ρχ〉 = m
2
3M2pl
χ20, (19)
so that, from continuity, the amplitude of the field decays
adiabatically as
ρχ = m
2
〈
χ2
〉 ∝ a−3. (20)
Alternatively, the correct WKB-solution of Eq. (15) is
χ ∝ a−3/2e±imt (as shown in [13]) from which Eq. (20)
follows immediately.
IV. EVOLUTION OF THE FIELDS BEFORE
AND DURING INFLATION
Combining the action for the symmetron field φ with
the Lagrangian for the field χ which describes the matter
content in the universe, we obtain the complete model.
To verify that this model has the desired properties dis-
cussed above, we numerically calculate the evolution of
the coupled equations for φ and χ in the dynamical back-
ground of an expanding universe. From the action (4)
with the matter Lagrangian (12), we can get the Fried-
mann equation (21) and the equations of motion for the
two fields, Eqs. (22) and (23).
H2 =
1
3M2pl
(
1
2
φ˙2 + V (φ) +
1
2
A2χ˙2 +
1
2
A4m2χ2
)
,
(21)
φ¨+ 3Hφ˙+ V,φ +A,φ
(
1
2
Aχ˙2 +
1
2
A3m2χ2
)
= 0, (22)
χ¨+ 3Hχ˙+m2A2χ+ 2
A,φ
A
φ˙χ˙ = 0. (23)
4In parenthesis on the right-hand side of Eq. (21), the first
two terms correspond to ρφ (i.e. the energy density of φ),
while the other two terms correspond to A(φ) times ρχ.
As we explained earlier, the conserved energy density for
χ is ρχ = A
3ρ˜χ, where
ρ˜χ =
1
2
A−2χ˙2 +
1
2
m2χ2, (24)
where the factor A−2 in front of the kinetic term comes
from the metric g˜µν . On the other hand, the effective
density that enters the Friedmann equation (21) is ρ¯χ =
Aρχ = A
4ρ˜χ. The reason is that the continuity equation
for ρ¯χ is modified because of the coupling of φ to matter
fields in Einstein frame:
˙¯ρχ = −3Hρ¯χ + A˙
A
ρ¯χ, (25)
which integrates to ρ¯χ ∼ A(φ)/a3. This is consistent
with the fact that in Einstein-frame the mass of non-
relativistic matter particles depends on φ as m(φ) =
m0A(φ), where m0 is constant, so the energy density of
dust scales as ρ¯χ = m(φ)/volume ∼ A(φ)/a3.
Before doing the numerical calculation, we need to
specify the relevant parameters. From the constraints on
the single φ-field inflation model by Planck +WP + BAO
we have φ0 >∼ 13Mpl [11]. So we take φ0 = 13Mpl in nu-
merical calculations. Another constraint comes from the
under-damping of χ during the matter-dominated era. If
we omit the φ-related terms in the equation of motion of
χ in Eq. (23), the constraint becomes H ≪ m. The total
energy density of the system decreases towards ρvacuum
before inflation. So we have√
ρvacuum/M2pl ≪
√
ρtotal/M2pl ≪ m. (26)
From this we get m ≫ 10µ. In the numerics, we set
m
µ = 10
6. We can now numerically solve the coupled
equations (21), (22) and (23). To verify the self-
consistency of the solution, we make plots of ρχ and H ,
which should evolve as a−3 and a−3/2 respectively dur-
ing the matter-dominated phase. As shown in Fig. (2)
and Fig. (4), this behavior is reproduced after thermal
equilibrium is reached. Soon after that, ρχ drops below
the critical values µ2M2, which triggers the phase transi-
tion. At this moment, the symmetron field φ field starts
rolling down slowly, as shown in Fig. (3). During inflation
the total energy density comes mainly from ρφ, in which
ρvacuum is the largest contribution before inflation ends.
Therefore H is nearly constant during this time. Then
at the end of inflation, φ quickly drops to φ0, and ρφ is
driven to zero. Finally after inflation, φ oscillates around
φ0 like a matter field, which makes H and ρφ behaving in
the same way as H and ρχ, respectively, in the matter-
dominated universe. We have quite a large freedom to
set the initial value of φ to any reasonable value close to
zero without changing this slow-roll behavior. So with-
out any loss of generality, we set it to be 0.01φ0 (where
φ0 = 13Mpl) in the initial conditions. On the other hand,
we consider different initial values of χ, larger than the
symmetry-breaking value of 10−5Mpl, in order to verify
the robustness of initial conditions. Clearly, they just
shift the time of the start and end of inflation, without
changing the evolution behavior of the two fields.
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FIG. 2: The evolution of ρχ for three different initial condi-
tions. After χ reaches thermal equilibrium, ρχ drops as a
−3
during the matter dominated era and inflation era.
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FIG. 3: The evolution of ρφ for three different initial condi-
tions. Once ρχ drops below µ
2M2, φ starts rolling towards
the critical value µ√
λ
, and φ is slowly varying during inflation.
Two important things to check in this context are the
number of e-folds and the magnitude of the slow-roll pa-
rameter ǫ = − H˙H2 . ǫ must be small and slowly varying
compared with the cosmic expansion rate. The most re-
cent constraint from Planck is ǫ < 0.053 [11]. From
Fig. (5), we see that ǫ always satisfies this constraint
during inflation in our model. The middle flat part on
this plot corresponds to the inflationary phase, so we can
see from the change of scale factor that the number of
5e-folds is far larger than 60 for any initial conditions.
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FIG. 4: The evolution of the Hubble parameter for three dif-
ferent initial conditions. H(t) decreases with the scale factor
like a−
3
2 both during the matter dominated era and the end
of inflation, when φ oscillates like a matter field. During infla-
tion, the vacuum energy density dominates over other sources
of energy density, so H is nearly constant.
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FIG. 5: The evolution of the slow-roll parameter ǫ for three
different initial conditions. ǫ is oscillating with an average
value of 3
2
both during the matter dominated era and the end
of inflation. During inflation, ǫ is slowly changing with time.
We therefore see that our inflationary scenario satisfies
the usual inflationary requirements without any special
initial conditions.
V. POWER SPECTRUM
As in any model of inflation, much important infor-
mation about the symmetron inflation is encoded in
the power spectrum for primordial perturbations. Our
model, defined by the general action in Eq. (4) and spe-
cific matter Lagrangian in Eq. (12), is just a concrete re-
alization of the multi-field inflation. As derived in Chap-
ter 10 of [14], for this kind of potential, the two point
correlation function of the invariant quantity R in the
Bunch-Davies vacuum is∫
d4xe−i~q(~x−~y) 〈R(~x, t)R(~y, t)〉 = (2π)3
∑
N
|RNq |2,
(27)
where q is the comoving wave number of perturbations.
The root-mean-square value of |RNq | is(∑
|RNq |2
)1/2
=
H2
2Mpl(2πq)3/2
√
|H˙ |
, (28)
where H is the Hubble parameter. This implies that
the form of the two-point correlation function at the end
of horizon exit will be the same as in the single-field
inflation. In our concrete case, the Hubble parameter
H2 = 1
3M2
pl
ρ is given in Eq. (21). During inflation, H
will be dominated by the potential term in Eq. (21). As
explained in [14], the result in Eq. (28) can be further
simplified by noticing that the matrix
Mnl ≡ γnm
∂2V¯
∂ϕ¯m∂ϕ¯l
, (29)
where γnm is the metric in the field space and ϕ¯m =
(φ¯, χ¯) (bar over the field denotes its unperturbed value),
has only one small eigenvalue. In our concrete case
γnm =
(
1 0
0 A2(φ)
)
, (30)
V¯ = V (φ) +
1
2
A4m2χ2, (31)
from where we get
∂2V¯
∂φ2
=
∂2V¯
∂φ2
+ 2m2
[
A3
∂2A
∂φ2
+ 3A2
(
∂A
∂φ
)2]
χ2,
∂2V¯
∂χ∂φ
= 4m2A3
(
∂A
∂φ
)
χ,
∂2V¯
∂χ2
= mA4. (32)
Thus, the matrix Mnl is
Mnl =
(
∂2V¯
∂φ2
∂2V¯
∂χ∂φ
A2 ∂
2V¯
∂χ∂φ A
2 ∂2V¯
∂χ2
)
. (33)
We saw that during inflation the field χ is damped, so
we can set χ ≈ 0, in which case we get
Mnl ≈
(−µ2 + 3λφ2 0
0 m2A6
)
. (34)
6Using the inequality φ ≤ µ/
√
λ, we can limit the first
eigenvalue of Mnl
− µ2 + 3λφ2 ≤ 2µ2, (35)
while the second one is
m2A2 = m2
(
1 +
φ2
2M2
)
≤ m2
(
1 +
µ2
2λM2
)
=
3
2
m2.
(36)
A generic value that we used in our numerical calcula-
tions m2/µ2 = 1012 indicates that the first eigenvalue
is much smaller than the second one. Then the unper-
turbed field rolls only along one direction (of the small
eigenvalue) and the only significant perturbations lie in
that direction. The results then reduce to the single field
slow roll inflation. The amplitude of the power spectrum
is
R0q ∝ q−3/2−2ǫ−δ, (37)
where ǫ ≡ −H˙/H2 and δ ≡ H¨/2HH˙ are the slow roll
parameters. In this approximation the slope is given by
nS(q) = 1− 4ǫ− 2δ, (38)
which, in the single-field(φ) slow-roll approximation, can
be written explicitly in terms of our model parameters as
nS = 1− 1
8
(
Mpl
φ0
)2
x2N
(x2N − 1)2
+ 8
(
Mpl
φ0
)2
1
x2N − 1
,
(39)
where xN =
φN
φ0
with φN being the field value at the
number of e-folds N. If we take xN = 0 and nS ≈ 0.96, we
can get the approximate value of φ0 = µ/
√
λ ≈ 14Mpl.
Since the only role of multiple fields here is to set initial
conditions, the amplitude of the tensor perturbations at
the horizon exit can be written in the usual form for the
single-field inflation,
D0q = i
H
Mpl(2πq)3/2
, (40)
and the slope parameter is
nT (q) = −2ǫ, (41)
just as in the single field case.
Therefore, treating our theory as a single-field(φ) infla-
tion model, we can constrain our model parameters with
the latest Planck data and other cosmological observa-
tions, as shown in Fig. (6). Here we used the second-
order slow-roll approximation [12], which gives the ratio
of scalar to tensor perturbations and the scalar spectral
index as
r(N) ≡|D
0
q |2
|R0q |2
= 16ǫ(φN ) (1− C(σ(φN ) + 2ǫ(φN )))
(42)
nS(N) =1 + σ(φN )− (5 − 3C)ǫ2(φN )
− 1
4
(3 − 5C)σ(φN )ǫ(φN )− 1
2
(3− C)δ(φN ),
(43)
where C = 4(ln2 + γ) − 5 ≈ 0.0814514, with γ ≈ 0.577
being Euler’s constant. Here N is the number of e-folds
and σ(φN ) = −2δ − 4ǫ.
The above parameters are taken at the pivot scale
k∗ = 0.002Mpc−1 by default. In order to reduce the
degeneracy between spectral indices and amplitudes, we
chose another pivot scale k∗ = 0.05Mpc−1. The r(N)
parameters at these two scales are related by
r0.05(N) = r(N)
(
0.05
0.002
)1−nS(N)−r(N)/8
. (44)
It turns out that the 1σ constraint on φ0 = µ/
√
λ
from the combination of Planck, WP, Lensing, ACT and
SPT data is 13Mpl ≤ φ0 ≤ 26Mpl, while that from the
combination of Planck, WP, Lensing and BAO data is
15Mpl ≤ φ0 ≤ 32Mpl. Our result is consistent with that
given by the Planck group [11].
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FIG. 6: The constraint on the parameter φ0 = µ/
√
λ from
observations of r0.05 and nS . The darker shadow and the
inner dashed lines represent the 1σ constraint area, while the
lighter shadow and the outer dashed lines represent the 2σ
area. The trends of both the N = 46 and N = 60 lines are
shown, as well as the 1σ constraints on φ0 in our model.
VI. CONCLUSIONS
In this paper we defined an inflationary scenario in the
context of symmetron models with the scalar field whose
potential depends on the energy density of its environ-
ment. In our model inflation starts naturally when the
energy density of the universe drops below some critical
value. We introduced an auxiliary field which is coupled
to the inflaton field and describes the matter content of
the universe before the onset of inflation. The dynam-
ics of the model is such that this auxiliary field quickly
drops to its minimum after the onset of inflation and has
no significant influence in the inflationary phase. Thus,
7during inflation we have the standard single field slow
roll behavior. We verified that our model is consistent
with usual requirements and cosmological observations,
including the newest Planck data.
We note that this “symmetron inflation” shares some
features with “new inflation in [1, 3]. “New inflation” is a
second order phase transition where temperature depen-
dent corrections change the shape of the potential. While
“symmetron inflation” is also a second order phase tran-
sition, the model is based on modified gravity and the
role of temperature is played by the energy density of
the universe. Thus inflation can start even in a mat-
ter dominated era. Like in “new inflation”, the most
generic initial conditions near the cosmological singular-
ity are anisotropic and inhomogeneous (the scalar field is
generically non-zero, large and inhomogeneous). Thus, if
isotropy, homogeneity and the thermal equilibrium have
been reached sufficiently fast, before the space-time cur-
vature has fallen below the scale of inflation, then no
other special initial conditions are needed for the onset
of inflation.
As in any other scalar field model, potential danger
comes from quantum corrections. Scalar fields are always
sensitive to corrections due to interactions with other
fields, with the standard model hierarchy problem as the
most notable example. To compute exact form of cor-
rections in our model would be difficult since the fields χ
and φ interact not only through their potentials but also
through the derivatives. However we do expect the cor-
rections to become negligible once inflation starts since
the field χ would be practically frozen at its minimum at
χ = 0.
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Appendix: Action in the Jordan frame
In order to put the total action (4) in the Jordan frame,
we just need to rewrite Einstein-frame Ricci scalar R in
terms of the Jordan-frame counterpart R˜. For any con-
formal transformation g˜µν = F (x)gµν , it is straightfor-
ward to get
R˜ =
1
F
(
R+ 3gµκ
F,µ,κ
F
− 3
2
gµκ
F,µF,κ
F 2
+
F,ρ
F
[
3
∂gλρ
∂xλ
+
3
2
gηρgλω
∂gλω
∂xη
])
. (A.1)
In our case, F = A2(φ), we can rewrite each term in
the original action as follows,
1
2
√−gM2plR =
1
2
√
−g˜M2pl
(
R˜
A2
− 6g˜µκA,µA,κ
A3
+ 12g˜λρ
×A,ρA,λ
A4
− 6∂g˜
λρ
∂xλ
A,ρ
A3
− 3g˜ηρg˜λω ∂g˜λω
∂xη
A,ρ
A3
)
(A.2)
−1
2
√−ggµν∂µφ∂νφ = −1
2
√
−g˜g˜µν 1
A2
∂µφ∂νφ (A.3)
−√−gV (φ) =−
√
−g˜ V (φ)
A4
. (A.4)
Finally, the whole action can be written in the Jordan
frame in the following form,
S =
∫
d4x
√
−g˜
(
1
2A2
M2plR˜−
1
2A2
g˜µν∂µφ∂νφ− V (φ)
A4
− 3M2pl
A,µ,ν
A3
g˜µν + 6M2pl
A,µA,ν
A4
g˜µν − 3M2pl
A,ν
A3
∂g˜µν
∂xµ
−3
2
M2pl
A,ν
A3
g˜µν g˜λω
∂g˜λω
∂xµ
+ Lm(χ, g˜µν)
)
. (A.5)
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